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Abstract 

We make the observation that a brane universe accelerates through 
its bulk spacetime, and so may be interpreted as an Unruh observer. 
The bulk vacuum is perceived to be a thermal bath that heats matter 
fields on the brane. It is shown that, aside from being relevant in the 
early universe, an asymptotic temperature exists for the brane uni- 
verse corresponding to late time thermal equilibrium with the bulk. 
In the simplest case two possible equilibrium points exist, one at the 
Gibbons-Hawking temperature for an asymptotic de Sitter universe 
embedded in an Anti-de Sitter bulk and another with a non-zero den- 
sity on the brane universe. We calculate various limiting cases of 
Wightman functions in N-dimensional AdS spacetime and show ex- 
plicitly that the Unruh effect only occurs for accelerations above the 
mass scale of the spacetime. The thermal excitations are found to be 
modified by both the curvature of the bulk and by its dimension. It is 
found that a scalar field can appear like a fermion in odd dimensions. 
We analyse the excitations in terms of vacuum fluctuations and back 
reactions and find that the Unruh effect stems solely from the vacuum 
fluctuations in even dimensions and from the back reactions in odd 
dimensions. 
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1 



1 Introduction 



One might ask what the virtues of cosmology in higher dimensions 
are. In modern theoretical physics we have become accustomed to 
string theories where extra dimensions are required in order to have 
finite predictions. These unobserved dimensions are then often taken 
to be small, compact and outside our experimental grasp. 
The idea of extra dimensions is not altogether new, but was origi- 
nally considered by Kaluza and Klein [1] in a bid to geometrically 
combine gravity and electromagnetism. Now, with the emergence of 
M-theory, we have new models in which our universe is considered 
as a four dimensional hypersurface in a larger bulk spacetime. These 
brane scenarios stem from a string model suggested by Horava and 
Witten [2] , where the particles of the Standard Model are constrained 
to a hypersurface and remain four dimensional, while gravity is free 
to explore the full spacetime. 

The motivations for studying these models include such things as a 
need to account for inflation and dark energy, and resolving the hi- 
erarchy problem [3,4]. In many of these models the brane universe 
is embedded in a 5-D AdS spacetime. The expansion of the universe 
is now viewed as arising from the motion of the brane through the 
curved spacetime, where the scale factor a{t) appears as a transverse 
coordinate describing the location of the brane. This motion of the 
brane through the bulk is determined by junction conditions [5] that 
relate the energy content of the brane to its dynamics. In general it 
is found that the brane accelerates through its bulk spacetime. 
The concept of accelerated particle detectors in Minkowski spacetime 
was developed in the 1970s. In its simplest form, the particle detector 
is envisaged as a point particle with discrete internal energy levels, 
which is coupled to a quantum field. Unruh [6] showed that such a de- 
tector moving with constant acceleration a, in Minkowski spacetime, 
perceives the vacuum state of the field to be a thermal reservoir with 
temperature T = This effect is not without its subtleties; for ex- 
ample a distinction must be made between particle content and energy 
transitions. It turns out that it is, in some sense, more meaningful to 
speak of energy excitations rather than particle content [7, 8] . The 
results for 4-dimensional Minkowski spacetime have been extended to 
curved spacetimes such as de Sitter spacetime where a generalised 



Gibbons-Hawking temperature [9] oiT = y ^ + a^/lir is found, with 

A being the cosmological constant for the spacetime. 
Quantum field theory in Anti-dc Sitter spacetime possesses certain 
delicate features, such as its lack of global hyperbolicity [10]. De- 
spite such difficulties it is found that an identical result to de Sitter 
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spacctime holds, but this time the temperature switches off below the 

critical acceleration of This result has been shown to hold in a 

general field theory framework where basic stability assumptions for 
the vacuum hold true [11, 12]. Explicit results for the transition rates 
of an Unruh detector in 4-D Anti-de Sitter spacetime have also been 
calculated [13]. 

Since branes in general accelerate through their bulk spacetimes, we 
would expect that some form of the Unruh effect would arise, and 
cause energy excitations on the brane. We may then consider the sim- 
plest such model consisting of a single brane moving through an AdS 
bulk and allow it to couple to a bulk scalar field in its vacuum state. 
We aim to demonstrate explicitly the Unruh effect for N-dimensional 
AdS spacetime and calculate the energy excitations for a quantum 
system moving through such a spacetime. 

We organise this paper as follows: In section 2 we establish some ba- 
sic results concerning brane cosmologies. In section 3 we derive the 
necessary Wightman functions for a scalar field in N-dimcnsional AdS 
spacetime and analyse their limiting behaviours. In section 4 we cal- 
culate the detector response functions for basic stationary trajectories 
in AdS and demonstrate certain modifications to the Unruh effect that 
are dependent on the dimensionality of the spacetime and on the cur- 
vature of the spacetime. In sections 5 and 6 we analyse the excitations 
of an accelerated brane by calculating the separate contributions due 
to vacuum fluctuations and back reactions from the bulk spacetime. 
We show that the back reactions are altered in odd dimensions, while 
the vacuum fluctuations are altered in even dimensions and provide an 
acceleration dependent excitation of the matter fields on the brane. 
We observe that this effect would be relevant in the early universe 
when accelerations arc large, but also in the late time universe where 
an asymptotic thermal equilibrium is achieved between the brane and 
the bulk. In section 7 we gather the main conclusions of this paper. 
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2 Acceleration of the Brane 



In this section we review the dynamics of a single Z2 -symmetric brane 
in a 5-D bulk spacetime [15,16]. 

The motion of the symmetric brane is determined by the Darmois- 
Israel junction conditions^, which state that the jump in its extrinsic 
curvature, [i^AB], obeys the equation [5] 

\Kab\ = -h\Tab - ^hABT) (2.1) 

where Tab is the energy momentum tensor for the brane and Hab is 
the induced metric. We now consider the tangential component of this 
extrinsic curvature, along its trajectory and define 

K|| = u'^u^Kab. (2.2) 

It is a simple matter to show that 

K\\ = -nea^ (2.3) 

where = u^Vau^, is the acceleration of the brane and is a 
unit vector field normal to the brane. Since we shall consider a co- 
dimension one brane, we deduce that 

i^ll = -a. (2.4) 

Using this, together with the junction condition and the mirror sym- 
metry, we obtain that the acceleration of the brane is given by 

a = —{2p + 3p-a) (2.5) 

where a is the tension for the brane, p is its density and p is the 
pressure. We see that in general the brane does not move along a 
geodesic. 

A bulk spacetime that is consistent with demands of homogeneity and 
isotropy for the brane universe is 5-D AdS-Schwarzschild. We may 
obtain a modified FRW equation for a brane universe embedded in an 
AdS-Schwarzschild spacetime, whose metric is given by 

ds^ = -fir)dt^ + i—+rW3 (2.6) 

f{r) 



^This condition is not sufficient if the Z2 symmetry is relaxed, see for example [14] 
and [20]. 
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where (iri^ is the metric on the maximaUy symmetric 3-space that 
possesses a scale factor r(r), where r is the proper time for the brane. 
If we take the universe to be flat, the function /(r) is then given by 

/W = fcV-^. (2.7) 
Using the spatial components of the junction conditions, we obtain 

36^ 18 



^ =(-) = -y+—p+-.+^ (2-^ 



This reproduces standard cosmology in the low density regime, but 
contains a quadratic density term and a dark radiation term that 
become relevant in the very early universe. The effective cosmological 
constant for the brane universe is given in terms of the brane tension 
and AdS mass parameter as 



A4 = 3(^-fc2). (2.9) 



Since the brane accelerates through its bulk spacetime we might expect 
it to experience some form of Unruh radiation which would produce 
energy excitations of the fields on the brane. It can be shown [17] that, 
to lowest order in the coupling constant c, the probability amplitude 
for transitions from the ground state \Eq > of a particle detector 
coupled to a scalar field in its vacuum state |0 > is given by 



I < E\M\Eo > fHE) (2.10) 



where M is the detector observable that is coupled to the field, and 
we define the detector response function J^{E) and the Wightman 
function Q'^{x,x') as 

J^{E) = j dtdt'g+{x{t),x{t'))e-'^^-^°^^*-*'^ 

g+{x,x') = < 0|(/)(x)(/)(x')|0 > . (2.11) 

We see that if the detector response function does not vanish then ex- 
citations will be measured by the detector. In many cases the detector 
is placed on a stationary trajectory for which the Wightman function 
becomes a function of Ar = r — r', where r is the proper time along 
the path. In this case the response function is ill-defined and it makes 
physical sense to consider instead the response function per unit time 



HE) 



/oo 
dATe-^(-^--^o)^^a+(Ar). (2.12) 
-oo 
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In the next section we shall derive the Wightman functions for a scalar 
field in Anti-de Sitter spacetime that are necessary to discuss any 
Unruh effect that a brane, coupled to such a field, would experience. 



3 Scalar field in N-dimensional AdS 

In recent times an extensive body of work has grown up around Anti- 
de Sitter spacetime, and it is this spacetime that often provides the 
setting for brane models of cosmology. It is necessary to derive some 
basic results that are needed in order to deal with a brane coupled to 
any bulk fields. It is no great inconvenience to talk in generalities, and 
so we may consider an N dimensional AdS spacetime with constant 
Ricci scalar R = —N{N — l)k'^. The metric for this spacetime may be 
expressed in Poincare coordinates as 

ds'^ = {dt^ - dx\ - dx\ - ■■■ - dx%_2) - dy^ (3.1) 

which is made conformally flat by the change of variables 

z = J e^dy (3.2) 

to produce 

ds"^ = ^ ^ {dt'^ — dx\ — dx\ — • • • — dx%_2 — dz^). (3.3) 

The equation of motion of a bulk scalar field of mass m, coupled to 
gravity in this spacetime, is given by 

(V^V^ + + C-R)<^(a;) = (3.4) 

where C, is its coupling to gravity. 

Making use of the planar symmetry, it can be seen that modes exist 
of the form [19] 

(t){x) = (t)p{x')pn{y) 

(--'il.jP'-'-' 

Mx') = (3.5) 

' V2a;(p)(27r)^-2 ^ ' 

where rnj is the metric for aja. N —1 dimensional Minkowski spacetime 
and 

P' = (^(P),P) 



a;(p) = V\p\' + ml (3.6) 
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The constants m„ are obtained from a separation of variables in the 
equation of motion and are determined once boundary conditions are 
specified. 

The functions which describe the field transverse to the Minkowski 

planes, are given by 

f3n{y) = Cne^''-'^^{Mmnz)+bMmnz)) (3.7) 

where J^{mnz) and y,/(m„z) are Bessel and Neumann functions re- 
spectfully. 

The parameter u is of strong importance and behaves like an effective 
scale for the field. It is gi\-o)i l)y 



3.1 Wight man functions 

The coupling of the scalar field to an observer moving in this spacetime 
is governed by a two-point function of the field. More specifically, 
when the field is in a vacuum state the Wightman function provides 
the necessary information. The Wightman function for a scalar field 
in a vacuum state |0 >, is defined as 

g^{x,x') = < 0\(p{x)q){x')\0 > . (3.9) 

For the case of AdS spacetime, it is possible to write this as [19] 

iv-i /"°° r 

= k^~'^{zz')^~ / dm mQ^ {x,x';m)J„{mz)J„{mz') 
Jo '- 

where ^M]v_i ^) Wightman function for a scalar field, of 

mass m, in an (A^ — 1) -dimensional Minkowski spacetime. The explicit 
form of this lower dimensional Wightman fiuiction is 

m''-^K^_l{m^y{yi-:>^')^ - {t-f -ief) 
g^^_^{x,x';m) = (2;r)"+^((^_^,)2_(i_i,_^,)2)f-i 

where Ky{x) is a modified Bcsscl function, e is, as usual, a small 
positive constant and we have introduced for convenience a = ^ — 1- 
We then find that the Wightman function for a massive scalar field in 
AT-dimensional AdS spacetime is then given by 

(27r)"+l (^;2_ l)f '^"-h 

where 

,2^^,2^^^_^Y-{t-t'-ief ^^^^^ 
and Q^{x) is the associated Legendre function of the second kind. 
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3.2 Limits on mass and curvature 



The form of the Wightman function for a massive scalar field is rel- 
atively intractable for our present needs, but we shall see that the 
corresponding massless case takes on a much more flexible form. For 
completeness, we shall compute the two different limiting routes by 
which we may pass to a massless field in N dimensional Minkowski 
spacetime. 



3.2.1 Massless scalar field in Minkowski spacetime 

To calculate the Wightman function for a massless scalar field in the 
Minkowski spacetime we may first reduce the curvature of the space- 
time to zero and then allow the mass of the field to vanish. 
It is shown in [19] that 1)3. 1U() tends to in the limit fc ^ 0. Namely, 

liuiQtjQ ix,x') = (x,x') = - — ^ — n Ka(mw) 

where = {y — y')^ + (x + x')^ — [t — t' — ie)'^ and Ka{x) is once 
again the modified Bessel function. 

To compute the massless limit of this we observe that for small x 

Ka{x) ~ ^r(a)0) (3.12) 

from which we find 

lim (x,x') = f"'^ „ . (3.13) 

3.2.2 Massless scalar field in AdS spacetime 

We now calculate the Wightman function for a massless scalar field in 
AdS spacetime, which will be of central importance to this paper. To 
compute this function we need a well behaved expansion for Qp{x) in 
the limit of vanishing mass. One such expansion is 

o-(x) - r(« + /3 + 1) , . {i-ey 

^M^) - 2/3+1 r(/3 + l) -l^V_^(:c-t)-+/3+i^*- 
With this we find that 

r r+ ( fc2a rja + UQ + l) S^i^fTZL^, 
lim yZ,q (x,x ) = i ; r- — / 

AdS^y ' (2^)"+i2'^o+5 r(i/o + ^) 7-1 (t; - t)"+^o+| 
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where i^o = y ^^^^'^ N{N — This is rather messy. We now 

make the further assumption that the massless scalar field is confor- 
mally coupled to gravity, and consequently = h. We conclude that 



2- 

fc2«r(a) / 1 1 



.(3.14) 



This result behaves correctly as we shrink the AdS curvature to zero. 
For small k, v ^ 1 + and consequently 

^AdSN,m=o(^^^ ) ~ 2(27r)"+i I A:2«u;2a ~ (2 I fc^)" 1 
Taking the limit as the AdS curvature tends to zero gives 

in agreement with our previous result on the massless limit of the 
Minkowski Wightman function. 

To sum up, we have arrived at the following limits for Wightman func- 
tions in A?^-dimensional AdS spacetime: 







i (m ^ 0) 


(m ^ 0) J, 


(fc^O) 

^AdSN,m=0 ^ (v-l)" (v+l)" 


G+ oc 



with a = -g- — 1 specifying the dimensionality of the system, v an 
effective mass for the scalar field and separation of spacetime points 
given by v and w. 
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4 Unruh effect for AdS branes 



In the previous section we derived results relating to the bulk scalar 
field. In this section we consider a brane, coupled to this bulk scalar 
field, that is moving along certain stationary trajectories in the AdS 
spacetime. The most basic stationary trajectories are the timelike 
geodesic, and the constant acceleration trajectories. We expect the 
response function per unit time to vanish along geodesies, and con- 
sequently the inertial brane experiences no excitation from the bulk 
vacuum. We shall also find that excitations only occur above a certain 
critical acceleration. For simplicity we assume that the scalar field is 
conformally coupled to gravity. We shall find that it behaves like a 
fermion in odd dimensions and a boson in even dimensions. The rel- 
evant Wightman function for such a field is given by (|3.14)1 and for 
simplicity we take the ground state energy Eq to be zero. 

4.1 Geodesies 

We work with the conformally flat metric 

ds^ = ^ ^ {dt'^ — dxl — dx2 — ■ ■ ■ — dx%_2 — dz^) (4.1) 

and restrict motion to the z — t plane. The timelike geodesies may be 
written as 



where 7 and A are constants and r is the proper time. 
We wish to consider {x{t),x{t')) and expect it to be purely a func- 
tion of At = t — t' . To this end we must calculate v{t,t'), given by 
(|3.11() . along the trajectory. It is easily seen that 



tan(/cr + A) 
sec{kT + A) 



(4.2) 




(4.3) 



and substitution into (|3.14|) gives that 



g+(AT) = B 



1 



1 



(cos(/cAt — ie) — 1) 




(cos(A;Ar - ie) + 1) 




where 



B = 



2(27r)T 



(4.4) 
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All the poles of this function lie in the upper half plane, at the points 
^ + ie, n e Z. Since £^ > the integral 



CXj 

iEAr 



e-*^^^g+(Ar)dAr (4.5) 

may be evaluated by closing a contour in the lower half plane. There 
is a complete absence of poles in this region, and so we deduce that 
the integral vanishes. No excitations are observed, as is expected for 
a geodesic path. 



4.2 Trajectories of constant acceleration 

Although no excitations are observed for an inertial brane, it is ex- 
pected that some form of the Unruh effect will occur for accelerated 
trajectories through the curved spacetime. The simplest of these tra- 
jectories are those where the acceleration remains constant through- 
out. 

By considering planar intersections with AdS in a flat embedding space 
it is possible to obtain all constant acceleration curves [18]. These 
curves are effectively conic sections of the AdS spacetime. There 
are three classes of constant acceleration timelike curves: elliptic, 
parabolic and hyperbolic. Elliptic trajectories are those curves for 
which the acceleration, a, satisfies < k"^, parabolic curves are those 
that satisfy = k'^, while hyperbolic trajectories satisfy > fc^. 
The acceleration is then said to be subcritical, critical or supercritical 
respectively. 



4.2.1 Subcritical accelerations 

We may describe trajectories with accelerations below k in the Poincare 
coordinate system by 



t{T) = zoksmh^^r) 

z{t) = zok cosh 'f (t) + zqq 



(4.6) 



with 



cosh7(r) = ^ ' (4.7) 

a — k cos(v K — a t) 

Evaluating at two points along a given trajectory we obtain that 



k 



2 



v(t,t') = -5 ^cos(VA:2 -a^Ar-k) (4.8) 
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which gives that 

( B B 



cos(VF^^T - k) - 1) 2 1 (pr:^ cos(Vfe2 - aV - ie) + 1) 2 \ 



No poles exist in the lower half plane, and no excitations from the 
ground state are detected for subcritical accelerations. 

4.2.2 Critical accelerations 

Trajectories with critical accelerations may be described as 

Z = Zq 

t = kzQT. (4.9) 

For two points along such a trajectory with have 

v{t,t') = l-y(Ar-ze)2 (4.10) 

and so 

/ 9^-2 1 \ 

g+(Ar) = B 



fc^-2(AT - i6)^-2 (2 - f (Ar - k)2)f -\ 



It is clear that once again all singularities lie in the upper half plane, 
and so there will be no excitations detected. We also note that the 
first term is identical to the result obtained for a geodesic trajectory 
in Minkowski spacetime. 

4.2.3 Supercritical accelerations 

The supercritical trajectories are given by 

t = 

a; 

z = zoe'^^ (4.11) 

with r once again being the proper time along the trajectory and 
iv = — A;2. 

By considering two points along a given trajectory we obtain that 

^2 jt2 

v{t, t') = -ji- -ji cosh(tc;Ar - ie). (4.12) 
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Substituting this into (|3.14|) gives us that the Wightman function 
along the trajectory is 



a+(AT) 



UJ 



1 



(4vr; 



N_ 
2 



(sinh^v-2(<^ 



1 



(sinh(^ + 



ie)))--^(sinh(^-( 



ujAt 
2 



f-i- 



with sinh A = |. 

The second term does not feature in the hmit to Minkowski spacetime, 
and is purely from the non-zero curvature that the AdS spacetime 
possesses. 

We now proceed to calculate the detector response function per unit 
time for this path. We divide the Wightman function into two terms, 
Q^{At) = Qf{AT) — ^^(Ar), and calculate the contribution from 
each term separately. 



GtiAr) 



UJ 



1 



(47r)f 

^r(f) 



(47r: 



JV 
2 



\smh.^-\^ -ie) 
1 



(sinh(A + (- 



ie)))-~^(sinh(A- ( 



2 



We first evaluate the contribution due to Qf. The integrand of 



-iEd.Tp+ 



g+{AT)dAT 



UJ 



N-2-\ 



r(f-i) 



(47r)T 



-iEAr 



oo sinh^-2^'^^^ 



V 2 



-dAr 



has poles of order [N — 2) all along the imaginary axis at the points 
At = i{e — ^^), with m G Z. The residues may be calculated 
by standard methods and are found to depend on a real polynomial 
/jV-3(^), of order — 3. Explicit forms for these polynomials are 
given in the appendix. 

Closing a contour in the lower half plane allows us to obtain the result 



-iEAt 



g+{AT)dAT 



r(f - iv^-3/^_3(f ) 



1 



(47r)f 



e-- - (-1)^ 

and so we obtain a thermal distribution which is either fermionic 
or bosonic, depending on the dimensionality of the spacetime. The 
origin of the fermionic statistics may be traced back to the Wightman 
function being anti-periodic in odd dimensions. 

The contribution due to Q2 may be dealt with in a similar way. In 
this case the function is slightly more complicated. The function 



GtiAr) 



UJ 



jv-2r(|_i) 



(An 



N_ 

2 



1 



(sinh(A + (- 



ie)))--^(sinh(^- ( 



ujAt 
2 
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has poles along two lines in the complex plane. Specifically, it is 
singular at 

, 2A 2mm „, 
Ar^,± = ze± . 4.13 

UJ UJ 

For even dimensional spacetimes these poles are isolated and the 
residue theorem may be employed. Calculation of the residue at Ar^^+ 
plus the residue at Ar^,- gives 

rf— — l)ie~'^'^'^^ 

— -k^~^{qi{E, a, k) sin 6 + q2{E, a, k) cos 6) (4.14) 

27r(47r) 2 

where 

9 = — sinh-i(-) (4.15) 
UJ k 

and qi and 2 are functions analogous to Jn-s- The full contribution 
from Q2 is obtained by summing over those poles in the lower half 
plane 

r r+fA ^ fc^-^r(f - 1) q,{E, a, k) sin 6 + q^jE, a, k) cos 9 
/ dArg^ (At) = — -j^ — -g . 

^-00 (47r)- e^""--! 

Explicit forms for the functions qi and q2 are also given in the ap- 
pendix. It is clear that the contribution due to Q2 does indeed vanish 
as the curvature of the AdS spacetime shrinks to zero. 
For odd dimensions branch points exist, but we may deduce the sta- 
tistical denominator of our results from the anti-periodicity of Q2, 

G+(Ar+-) = (-l)^G+(Ar) (4.16) 

UJ 

which imphes that in general 



f 



(47r)^ e^'^- - (-1)^ 



where g{E, a, k) is determined by a contour integral around singular 

points which may or may not be branch points. 

By adding together the two contributions we obtain the result 



J — ( 



dArg+iAr) = ^ . (4.18) 

e^'^- - (-1)^ 



where 



F = 'A^^^u;''-^f^_,^±)-k''-'9{E,a,k)). (4.19) 
(47r)T a; 
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We conclude that an observer moving along a hyperbolic trajectory 
in AdS spacetime, with an acceleration exceeding k, will perceive the 
vacuum state of the scalar field to be a modified thermal one, with a 
temperature 

T = 

27r 

The modified excitations that the coupling produces depend on the 
dimensionality of the bulk spacetime and its curvature. The statis- 
tics of the field, as perceived by the observer, are fermionic in odd 
dimensions and bosonic in even dimensions. 



(4.20) 
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5 Vacuum Fluctuations and Back Re- 
actions 

To analyse in more detail the excitations due to the non-inertial mo- 
tion of the universe through the AdS spacetime, we present a model of 
brane matter coupled to a scalar field in the bulk. We follow [21] and 
proceed to separate these excitations into those that stem primarily 
from fluctuations in the bulk vacuum, and those that are due to the 
disturbance of the bulk scalar field resulting from the matter coupling. 
The model consists of a quantum system with no internal spatial vari- 
ations, discrete multiple energy levels {Ei} and that is coupled to a 
scalar field (f){x) by a term cM{t)4>{x{t)), where r is the proper time 
along the trajectory of the multilevel system. This discrete system rep- 
resents the accelerated brane. The Hamiltonian for the whole model 
is then 

d^k—a^ (k, t)a{k, t)u;{k) + cM{T)<j)ix{T)) 

with H{t) the Hamiltonian for the discrete system and {a(k, t)} a 

mode decomposition for the scalar field. 

We now divide each physical variable into a free part and a source 
part. The free part is present as c — > 0, while the source part is first 
order in c - its presence arising from the exchange of energy via the 
monopole coupling 

H{t) = Ho{t)+Hs{t) 
M{r) = Mo(r) + M,(r) 
0(r) = Mr) + Mr). (5-1) 

The source part of an arbitrary brane operator, X, is then given, to 
first order in c, by 

Xs{r) = ic r dT'Mx{T'))[Mo{T'),Xo{T)] (5.2) 

J TO 

while the source part of an arbitrary field operator, Y, is 

Ys{x{t)) = ic r dT'Mo{T')[Mx{r')),Yo{T)]. (5.3) 

•JTn 



For a given observable, X, of the discrete system we may consider the 
contribution to its time evolution due to the scalar field Explicitly 
we have 

(^) = ^c0(x(r))[M(r),X(r)]. (5.4) 
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A decomposition of this variation into a part resulting from the free 
field term and another resulting from the source field term is now 
possible. These contributions will be the vacuum fluctuation and back 
reaction respectively. A subtlety arises when we attempt to perform 
this decomposition. To arrive at a physically unambiguous and well- 
defined notion of vacuum fluctuations as separate from back reaction it 
is necessary to use a symmetric form of the operator ordering, namely 

'^^^^^^ - {<P{x{t))[M{t),X{t)\ + [M{T),X{Tmx{T))) . 



dr )^ 2 

Prom the point of view of the total variation, this is a trivial reorder- 
ing, since operators for the scalar field and operators for the brane 
commute, biit has significance when we restrict our attentions to the 
individual terms. 

The vacuum fluctuations and back reaction are then given, in a well- 
defined manner, by the expressions 

^) = i|(<^o(x(r))[M(r),X(r)] + [M(r),X(r)]</)o(x(r))) 

/ vac 

^) = i\ {U^(t))\M(t\X(t)\ + \M{T\X(T)\U^{r))) . 

/ back 

Expressing everything, to order c^, in terms of all the free fields, we 

find that 

"^^^^^^ = i^(<^o(x(r))[Mo(T),Xo(r)] + \M^(t) Mt)\4>^{x(t))) 



dr 2 
2 



r dT'{M<r)),M<r))}[Mo{T'),[Mo{T),Xo{T)]] 

J To 



"^^^^^^ dT'[M<T)),Mx{T))]{Mo{T'),[Mo{T),Xo{T)]}. 

(5.5) 



dr I , , '2' iTr. 

' back ^ To 



To analyse the variations of the brane's energy due to the vacuum 
fluctuations and back reaction we consider X(r) = H{t). We now 
take the expectation values of these operators in the state \0,Ei >, 
where the scalar field is in its vacuum state and the brane is in an 
energy eigenstate of Ei. This provides us with the following results 

<0,Ei\(^^^ \0,E,> = r dT'C^{x{r),x{r'))^Xi{ry) 

\ / vac "^Tq 

< 0,^,1 r^^] %Ei> = 2ic^ r dT'x^{x{T),x{T'))^C,{Ty) 

\ / back ^ To 



back ^ TO 

(5.6) 
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where we have introduced the two-point functions ^ 

2C^{x{t),x{t')) = <^\{(t)o{x{r)),Mx{T')m> 

2x0(x(t),x(t')) = <O|[0o(x(r)),<Ao(x(r'))]|O> 

2C,(r,T') = <E,\{Mo{t),Mo{t')]\E,> 

'^Xi{ry) = <Emo{r),M^{T')]\E,> . (5.7) 

For a simple model with discrete energy levels we find that 
Ckiry) = Y.\< Ej\MM\Ek > |'cos((^j - Ek)AT) 

3 

Xk{r,T') = -Y,\< Ej\Mo{0)\Ek > \^ism{{Ej - Ek)AT). 

3 

We may obtain the two-point functions for the scalar field via the 
Wightman function 

2C^(x,x') = G'^{x,x') + G^{x' ,x) 

2x^{x,x') = g+{x,x')-g+{x',x). (5.8) 

It must be noted that the structure of the Wightman function in 
section can in some sense interchange and x<j>^ depending on 
the dimension. This effect is linked to the different statistics we obtain 
in even and odd dimensions. 



^In atomic theory, the functions and C'i are called the two-point correlation func- 
tions, while X0 arid Xi a-re the linear suspectibilities. 
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6 The heating of the brane by quan- 
tum fluctuations 



With the formahsm in place to analyse the excitations of the brane in 
detail, we may use the Wightman function derived in section 14.21 to 
calculate the vacuum fluctuations and back reactions that the brane 
experiences as it moves through the bulk. The notion of a well de- 
fined temperature is of course restricted to cosmological time scales 
over which the acceleration of the brane universe does not change 
appreciably. The vacuum fluctuations are obtained from 



<o,a 



( dHjr) 
V dT 



\0,E, > 



dT'C^{x{T),x{T'))^XiiT, t'). 

(6.1) 



For the constant acceleration trajectories we have that 

1 



CJAt) 



{g+{AT-ie)+g+{-AT-ie)) . 



(6.2) 



The calculations are similar to those of the previous section and the 
vacuum fluctuations for the supercritical trajectories are found to be 



dH{T) 
dT 



\0,Ei >-- 



-2c2 \Mjif\Eji\F{ 



\E. 



J* I 



E, 



+2^ Yl \Mjif\Eji\FC-^ 




with 



E. 



Ej — Ei 



M. 



< Ej\Mo{0)\Ei > . 



(6.4) 



We see that vacuum fluctuations are unaffected in odd dimensions and 
enhanced in even dimensions. 

The back reaction is calculated similarly and we find that along the 
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supercritical trajectories it is given by 
'dH{T)' 



< 0, Ei 



dr 



\0,Ei >-- 



-2c2 \Mji\^\Ej,\F( 



-2c2 \Mji\^\Eji\F{ 



\E. 



to 



\E^ 



1 + 



1 + 



{-ir - 1 



„27r- 



(-1)^ 



-1)^-1 



(-1)^ 



(6.5) 



The back reactions behave in a complementary way to the vacuum 
fluctuations: they are unaffected in even dimensions and are modified 
in odd dimensions. The net effect of this is that the total rate of 
change of the brane's energy is given by 



< 0,Si 



dH(j) 
dr 



10, >= 



-2c2 Y \Mji\^\Eji\Fi 



\E. 



Eu<0 



+2c^ Y \Mji\'^\Eji\F{ 



\E. 



UJ 




It is evident from this that an accelerated system in its ground state 
will experience excitations. 



6.1 Characteristic Time 

It is instructive to obtain a time scale over which any heating from this 
coupling takes place. To achieve this we may consider the simplest case 
of a two level system, with energies it^Aii^ and M,j being a symmetric 
matrix. 

Then for the system being in a general state, equation 1)6. 6|) may be 
written as 



(e^-— _ 1) + (e^-— + 1)^ 



^AE 



The solution of which is 

< Hir) > = Ee- (Ee- < H{0) >)e-^ (6.7) 
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with 



ic2F(e2^— + 1) 

1 ttAE 
Ee = --A£;tanh( ). (6.9) 

We may interpret Te as the characteristic time for the system to evolve 
into thermal equilibrium with the scalar field. The energy of the sys- 
tem in equilibrium is then given by and is clearly raised above 
above the ground state for all accelerations and this equilibrium value 
is independent of whether the dimension is even or odd. We also have 
the simple result that 

9 

in odd dimensions 
in even dimensions. (6.10) 



c2F 



c^FAE 

6.2 Asymptotic temperature 

We saw previously that a brane, obeying the junction conditions, ac- 
celerates. For a single symmetric brane we found that this was given 

by 

a = ^(2p + 3p-a). (6.11) 

In general this is not a constant value, but varies in time with the 
density and pressure. We can however consider asymptotics, where 
the variation of the density becomes small, and so we are justified in 
attaching a well-defined temperature for the bulk field. For such a 
universe, moving through an AdS spacetime, a bulk scalar field in its 
vacuum state would be perceived to be at a temperature 



T = — (6.12) 

67r ^ ^ 

where we have used the results from section 2. 

In the case where a > ^iZ^ n must be understood that for values 



of p between pi = f - yj 2I _ and = f + y x " ^ 
temperature of the bulk is measured to be zero since the motion of 
the brane is subcritical in the bulk spacetime, see figure 1. It is clear 
that in the limit p ^ the temperature of the bulk becomes 

m = i^. (6.13) 
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Figure 1: The temperature of a bulk AdS field in its vacuum as a function 
of tlie density of matter fields on the brane. 

This is the Gibbons-Hawking temperature of a universe with cosmo- 
logical constant A4. This would be the asymptotic temperature of the 
bulk field if no energy exchange was permitted between the brane and 
the bulk thermal state. If energy exchange is allowed, the possibility 
exists that the universe will settle down to an equilibrium tempera- 
ture Tg, which is above the zero density value. We can see that at 
least one other point exists where the brane is at the same temper- 
ature as the bulk since away from pi and p2 the bulk temperature 
varies almost linearly with p, while the brane temperature is generally 
a fractional power of p. If the thermal coupling between the brane and 
bulk is strong the evolution of the temperatures is complicated. The 
issue of whether, for example, the current thermal state of the uni- 
verse is determined from couplings to a bulk spacetime would depend 
on, among other things, the properties of the bulk and the heating 
time scale. Whether any thermal equilibrium point is stable or not 
will depend on the rate of the thermal exchange between the brane 
and bulk [22]. If it is stable then the universe will remain at a non- 
zero density and temperature, pe and Tg. If this point is unstable 
the density of the universe will drop below p2, where its bulk motion 
becomes subcritical and the Unruh temperature of the bulk vanishes. 
The temperature of the bulk will switch back on when the density of 
the universe passes below pi , and increases until thermal equilibrium 
is achieved at the Gibbons-Hawking temperature Tgh- 
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7 Conclusion 



In this paper we made the observation that, in general, branes acceler- 
ate through their bulk spacetimes and so any fields, coupled to matter 
on the brane and in their vacuum state, will be perceived as a thermal 
reservoir. Effectively the matter fields of the universe play the role of 
an accelerated particle detector in the bulk spacetime. 
We restricted our attentions to AdS spacetimes, and in particular to 
geodesies and constant acceleration trajectories. The latter trajecto- 
ries being further subdivided into three cases, depending on whether 
the acceleration was greater than, equal to, or less than the mass scale 
k of the spacetime. 

We obtained a consistent set of limits on the Wightman functions for 
iV-dimensional AdS spacetime and derived the Wightman function for 
a conformally coupled, massles scalar field in such a spacetime. 
We showed that the transfer function vanished for all of the basic sta- 
tionary trajectories except for those with a supercritical acceleration. 
In this case we obtain a thermal distribution which is fermionic in odd 
dimensions, bosonic in even dimensions, and possessing a polynomial 
weighting which was curvature dependent. We analysed these thermal 
excitations in more detail by calculating the vacuum fluctuations and 
back reactions seperately for a discrete, multilevel system coupled to 
the scalar field. For this we were able to extract a characteristic time 
for the process. 

We then considered the asymptotic behaviour of a brane universe, 
whose acceleration through the bulk approaches a contant value. For 
a non-empty brane, thermal equilibrium with the bulk can occur at a 
non-zero density. It was also shown that if the density of the brane is 
zero then any fields in their vacuum states would be perceived to be 

at the Gibbons-Hawking temperature Tgh = ^ \f^- ^^i^ context 
it is possible to recast the Gibbons-Hawking effect as an Unruh effect 
in an embedding spacetime. 
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8 Appendix 

Here we gather some results that were used in the paper. 



E 

Given 



8.1 Polynomial in — 



^^'^ sinh^-2(f) 
we calculate its residues at the poles Zm = — via 



which we find to be of the form 

The explicit forms of the polynomials for dimensions iV = 3, 4, ■ 
are given as 

fix) = 47r, (AT = 3) 
= 8ttx, (AT = 4) 
= 27r(l + 4x2), (AT = 5) 

= ^ix + x% (iV = 6) 

= 2n{l + fx' + lx% (AT = 7) 

= ^iix + 5x^ + x^), (AT = 8) 

= 2^(- + ^x2 + 4x' + -x*^), (iV = 9) 
^8 90 19 9 ^' ^ ^ 

327r 

= —{36x + 48x^ + Ux^ + x'^), (AT = 10) 
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8.2 The functions qi and q2 

We consider the function 

-iEz 

Giz) = ^ ^ (8.5) 

sm]i2-\A + ) sinhT-i(^ _ 

which has poles at the points Zm,± = ±^ - 

For N even wc may calculate the residues at these poles by the stan- 
dard method to find that 



Res(G(z))U^,+ + Res(G(z))|, 

{qi{E, a, k) sin 9 + g2(-£', a, k) cos 



27r \a; 

The explicit form of these functions for AT = 4, 6, 8, 10 are given by 
47r 

qi = —'92 = 0, (iV = 4) 

2 fc^ — 2£' 

= 27r( 3),g2 = 2^(^), (iV = 6) 

„ St" 5*" 2£2 3t2 k^E^ 2, 

When is odd, we have branch points to deal with and the problem 
cannot be tackled by residues. 

Wc may nevertheless deduce the thermal distribution from the an- 
tiperiodicity of the Wightman function: 

271-7 

g+{AT + —) = i-lfgtiAr). (8.6) 
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